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Reinforcement learning has emerged as a valuable tool in control theory and
related areas, such as robotics and process control, facilitating prediction,
identification, and management of complex systems. A key advantage of using
reinforcement learning is its ability to derive optimal control policies without
requiring a comprehensive understanding of the underlying system dynamics. In
essence, RL develops control strategies through interaction with the environment.
A common approach in controller design for these systems involves the use of
approximation methods. Given the complexities associated with solving PDEs
analytically, numerical techniques like the finite element method are typically
employed for approximation. In this research, we begin by discretizing the PDE
that characterizes the system's dynamics using an appropriate discretization
technique. Following this step, we extract the discrete dynamics of the system.
Since these discrete dynamics exhibit the Markov property where the future state
depends only on the current state and the action taken the next phase involves
designing a controller based on these derived dynamics. Recognizing that
reinforcement learning focuses on optimizing future actions through data analysis,
feedback from the optimal mode can be utilized as a viable option for controller
design. This study will further explore LQR controller design for one-dimensional
heat equation heat flow as a system whose dynamic is described with PDE.

Keywords: Partial Differential Equation (PDE); Heat Flow; Reinforcement
learning; Q-learning; Controller; Linear Quadratic Regulator; Model free, Finite
Element Method (FEM)
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1 Introduction

The Linear Quadratic Regulator (LQR) represents a crucial
control methodology extensively utilized in the fields of
engineering and applied mathematics. The standard approach to
its implementation generally requires solving the Algebraic
Riccati Equation (ARE) to ascertain the optimal feedback
gains. The design of a Linear Quadratic Regulator (LQR) for
systems governed by partial differential equations (PDEs) is an
attractive field of research in control theory. Merging classical
optimal control principles with contemporary machine learning
techniques adds to the attractiveness of this area. The LQR
framework is well-established for finite-dimensional systems,
allowing for the minimization of a quadratic cost function while
ensuring system stability. However, extending LQR
methodologies to infinite-dimensional systems characterized
by PDEs presents unique challenges due to the complexity of
their dynamics and the necessity for precise feedback control
across spatial domains. Recent advancements in reinforcement
learning (RL) offer promising solutions to these challenges.
Reinforcement learning is characterized by learning through
interaction with an environment. In this approach, the learner
engages with a dynamic environment that provides feedback
based on their actions. This feedback typically comes in the
form of rewards or penalties, which guide the learner toward
optimal behavior over time. In reinforcement learning, an agent
interacts with its environment at discrete time steps. At each
time stepf, the agent observes the current state of the
environment s;, selects an action a;, and receives a reward r;
based on its action and the resulting new state s:+;. The agent's
objective is to maximize its cumulative reward over time by
developing a policy—a strategy that dictates which actions to
take in various states.

When designing controllers using reinforcement learning,
interaction with this environment becomes crucial. It is posited
that understanding the environment's specifics may not be
essential; rather, what matters is how effectively an agent learns
from its interactions. The learning algorithm applies an action
(control signal) to the environment (plant) through an agent
(controller) at a given time t. This control signal alters the state
of the environment, which then responds by providing a reward
based on the new state. Usingthis new state and reward
information, the agent generates subsequent control signals.
The agent's objective is to produce signals that optimize
(minimize) rewards according to the target problem. Rewards
are defined as scalar functions of state and action that indicate
how beneficial or detrimental a particular action is in a given
state. These scalar functions represent step costs—the cost
incurred to transition from state x; to state xj., using
action uy,.

RL enables adaptive learning of optimal control policies
through interaction with the system, making it particularly
suitable for real-time applications where system dynamics may
be uncertain or partially known. By integrating RL with LQR
design, researchers aim to enhance controller performance and

robustness, facilitating effective regulation of complex systems
governed by PDEs. This integration not only addresses the
limitations of traditional LQR approaches but also opens new
avenues for research in optimal control.

In the context of the importance of the Subject, it could be stated
that the significance of designing LQR controllers for PDE-
governed systems is underscored by their widespread
applicability across various engineering disciplines, including
fluid dynamics, thermal management, and structural control.
Effective regulation of such systems is crucial for optimizing
performance and ensuring safety in critical applications. The
ability to apply RL methods within this context enhances the
potential for developing adaptive controllers that can respond
to dynamic changes in system behavior, thereby improving
overall system efficiency and reliability.

The motivation behind combining LQR with reinforcement
learning stems from the limitations encountered in traditional
control approaches. Classical LQR requires complete
knowledge of system dynamics and often struggles with real-
time adaptability. In contrast, RL provides a framework that
learns from experience, allowing for the development of control
strategies that can adapt to changing conditions without
requiring full prior knowledge of the system dynamics [1]. This
capability is particularly valuable in environments where model
uncertainties are prevalent.

Previous research has laid a solid foundation for understanding
the integration of RL with LQR methodologies. Notably,
studies have demonstrated that RL can effectively solve LQR
problems without requiring explicit solutions to the Algebraic
Riccati Equation (ARE), which is traditionally essential in LQR
design [2]. For instance, Bradtke's work highlighted the
application of dynamic programming-based RL algorithms to
LQR problems, emphasizing their potential to bridge
theoretical gaps in continuous state and action spaces [3].
Furthermore, recent advancements have explored model-free
approaches that utilize RL techniques to derive optimal
feedback controls directly from observed data [1]. In addition,
various studies have successfully implemented RL strategies in
linear time-invariant (LTI) systems, showcasing their
effectiveness in optimizing controller performance under noisy
conditions and time-varying parameters [4]. These experiences
underline the practicality and versatility of combining RL with
traditional control frameworks.

In the context of the contributions, it could be stated that this
research article aims to provide a comprehensive framework for
designing LQR controllers using reinforcement learning
techniques specifically tailored for systems governed by PDEs.
By addressing these objectives, this work aspires to contribute
valuable insights into both optimal control theory and machine
learning applications in engineering. The proposed approach
will leverage reduced-order modeling techniques alongside
iterative learning strategies to enhance computational
efficiency while maintaining controller performance.
Furthermore, this research will explore the implications of
transferring learned policies across different PDE scenarios,
thereby broadening the applicability of the developed
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methodologies [4]. By investigating these aspects, this study
seeks to pave the way for future innovations in adaptive control
systems that can effectively manage complex dynamic
behaviors inherent in PDE-governed environments. In
conclusion, the intersection of linear quadratic regulation and
reinforcement learning offers a fertile ground for advancing
control methodologies applicable to complex dynamic systems
governed by partial differential equations. As research
continues to evolve, this integrated approach promises
significant improvements in controller design and
implementation across various engineering applications.

The integration of machine learning algorithms into systems
governed by PDEs raises critical questions: How can we
effectively apply these algorithms in such contexts? What
contributions can machine learning methods like reinforcement
learning make to address these challenges?

In this paper we introduce a method for designing a controller
for a PDE system by the RL. In this regard first a PDE system
will be transferred to the ODE by discretization. Since the result
of discretization is so closed to Markov decision process
(MDP), it is possible to define the problem to the RL. A one-
dimensional heat equation has been chosen as a case study to
effectively illustrate and communicate the principles of
controller design utilizing the reinforcement learning approach,
and the controller design has been implemented for this system.

2 Literature Review

LQR seeks to reduce a quadratic cost function while adhering
to linear dynamic systems. The conventional approach utilizes
state-space representation, wherein the dynamics of the system
are articulated through linear equations. Nevertheless,
numerous real-world systems are influenced by partial
differential equations (PDEs), which present challenges that
conventional LQR methodologies struggle to address
effectively. Recent research has investigated model-based
strategies and reinforcement learning techniques to broaden the
applicability of LQR to systems governed by PDEs.

In the study [5], the researchers addressed the problem of
boundary control for partial differential equations (PDEs)
through the application of operator learning techniques. The
study [6] focuses on the reduction of PDE system models and
the design of stabilizers utilizing reinforcement learning
techniques. In a paper, the researchers employed a data-driven
approach utilizing reinforcement learning to manage partial
differential equations (PDEs) [7]. In the context of predictive
control design for partial differential equation (PDE) systems,
one can reference applied research [8]. The researchers of [9]
developed a predictive control framework utilizing machine
learning techniques for systems governed by nonlinear
parabolic partial differential equations. In [10], their research
examined the development of Economic Model Predictive
Control (EMPC) tailored for systems characterized by
hyperbolic and parabolic partial differential equations, which
exhibit static spatial distribution properties. In relation to

alternative approaches to controller design, including the
backward step method, it is important to reference the [11]. The
study [12] is notable for its contributions to the adaptive control
of systems characterized by partial differential equations
(PDEs). Researchers in [13] have made significant progress in
applied research related to oil well drilling by utilizing backstep
infinite-dimensional transformations and Lyapunov functions
in the context of partial differential equation (PDE) systems. In
the domain of fuzzy control, the study [14] is noteworthy. They
also developed a nonlinear ordinary differential equation model
to describe the dynamics of the PDE system, using the modal
decomposition technique, and expressed it through a Takagi-
Sugeno fuzzy model.

A novel dynamic neural programming control approach was
introduced in reference [15], resulting in a subsystem of
ordinary differential equations that capture the underlying
dynamics of the PDE system. [16] examined and compared
reinforcement learning with backward learning, with a key
focus on creating strategies to reduce traffic congestion on
highways. Traffic dynamics on highways are modelled using
two partial differential equations, which describe traffic density
and speed, and reformulate control as a reinforcement learning
issue, requiring stabilization through observation of system
state values without prior knowledge of the system's movement
patterns. An optimization of policy is accomplished by using a
neural network-based algorithm in conjunction with a
numerical simulator that solves partial differential equations.
The controller's performance was evaluated by comparing it in
two different operating conditions: one with a thorough
understanding of traffic flow dynamics and another with limited
information, to assess the recovery capabilities of backward,
proportional, and proportional integral control methods. The
focus of [17] was on managing dynamic systems that are
determined by partial differential equations through distributed
reinforcement learning techniques. A key aspect of this
investigation involves reducing the environmental dimensions
for agents by applying a convolution operation to the state
space, thus resolving the dimensionality challenges
encountered in deep reinforcement learning. In the [18], a
stochastic partial differential equation control issue as a
reinforcement learning challenge is characterized by utilizing a
distributed control due to the system's infinite domain. This
proposed RL control method can be readily adapted to
boundary control techniques for managing finite systems. A
model-based reinforcement learning approach has been
formulated in [19], concentrating on affine control systems
characterized by quadratic objective functions and constrained
horizon optimal control challenges involving variable reference
trajectories. To achieve this, deep neural networks are
employed. The methodology is exemplified through
applications such as a chemical reactor and a one-dimensional
diffusion-convection-reaction system, which serve to highlight
the fundamental features of the proposed technique. The [20]
focused on the design of control mechanisms and the
experimental validation of a flexible robotic system. It
introduced a control strategy grounded in reinforcement
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learning, utilizing an actor-critic framework. This approach was
meticulously crafted to minimize vibrations while ensuring
accurate trajectory tracking. Subsequent findings demonstrated
that the closed-loop system, employing the proposed
reinforcement learning control algorithm through the direct
Lyapunov method, exhibits semi-universal finiteness. To
validate the effectiveness of the proposed control strategy, a
series of experiments were conducted on a laboratory platform,
allowing for a comparative analysis with traditional PD control
methods. An optimal control approach utilizing adaptive
reinforcement learning for collaborative robotic systems is
introduced in [21]. This method combines hybrid motion and
force control strategies, leveraging adaptive reinforcement
learning principles. The implementation involves a
simultaneous actor-critic  algorithm alongside Bellman
optimization, which is derived from the discrepancies in the
control policy and the ideal control input. The effectiveness of
the adaptive reinforcement learning-based optimal control
strategy in closed-loop systems is confirmed through the
application of a proposed Lyapunov candidate function.
Ultimately, simulation results are provided for a constrained
system involving three robots, demonstrating the practical
application of the optimal hybrid motion and force control
strategy.

some approaches for control of PDE systems have been
developed over the past decades such as the linear quadratic
optimal control [22, 23], model predictive control [24, 25],
geometric control [26], robust control with spatiotemporal
norm bounded uncertainties and Markov jumping parameters
[27], and sliding-mode control [28, 29].

It can be inferred from the previously discussed literature on
analogous studies that there exists a scarcity of research focused
on the utilization of reinforcement learning as a model-free
methodology in systems governed by partial differential
equations, especially in relation to the discretization of such
equations.

3  Conceptual Subjects

To establish a theoretical framework and foundational
concepts, this section discusses essential definitions, research
hypotheses, and mathematical topics pertinent to the research
area. The research background will highlight the innovation of
the current study and its position within existing literature, as
well as identify gaps related to the overarching research theme.
The definitions and mathematical concepts associated with the
topic are divided into two sections. The first section
discusses the theoretical principles related to partial differential
equations and their significance in control theory. The second
section provides a selective overview of the reinforcement
learning literature. Given the extensive theoretical discussions
surrounding reinforcement learning and partial differential
equations, we aim to focus solely on the aspects that are relevant
to other sections of this research, thereby enhancing the

thematic and conceptual connections with both the literature
and mathematics essential for this study.

This research diverges from complex mathematical structures,
prioritizing the design of controllers utilizing Q-learning
techniques for a specified system. A notable characteristic of
this investigation, in contrast to similar studies in the field, is
this particular focus.

3.1 Discretization of Partial Differential
Equations (PDE)

Numerous physical phenomena, including fluid dynamics,
electricity, magnetism, mechanics, and optics, can be
mathematically represented and modeled using partial
differential equations. Many fundamental laws of physics, such
as Maxwell's equations, Newton's law of cooling, the Navier-
Stokes equations, and Schrodinger's equations, are described as
partial differential equations. The infinite-dimensional nature
of partial differential equation (PDE) systems makes it
challenging to directly apply conventional control methods
associated with ordinary differential equation (ODE) systems
for controller design in PDE contexts. If we can transform a
system described by a PDE into one represented by an ODE,
we can then utilize the control strategies available in ODE
theory. This raises the question: what tools can we use to
convert a PDE system into an ODE system? What mathematical
relationships facilitate this transformation? The answer lies in
the discretization of PDE equations. Common methods for
converting partial differential equations into ordinary
differential equations include:

e  Finite Element Method

e  Finite Difference Method

e  Finite Volume Method
Thus, we can convert the desired PDE equation into an ODE
equation using one of these techniques and subsequently design
a controller for the ODE system, which serves as an
approximation of the original PDE system. In this study, the
finite element method was employed as the tool for
conversion from PDE to ODE.

3.2 Reinforcement Learning and Elements

Reinforcement learning is a type of machine learning that has
emerged from the fields of artificial intelligence, computer
science, and engineering. It is closely associated with optimal
and adaptive control [30]. Reinforcement learning provides a
framework to address optimal control problems which are
described as Markov decision processes. Reinforcement
learning comprises several key elements, each of which is
essential for developing and expressing the reinforcement
learning problem. Without these components, interpreting and
solving a problem becomes impossible. Here, we define each
component.

Environment: In reinforcement learning, the environment is
defined as described in Eq 1.
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P;'xr, = Pr(x’,r|x,u) Eql
The relationship between the inputs and outputs is represented
in the continuous interval [0,1] as follows:

P:x xuxx—[01] Eq2
This relationship provides a probabilistic description of the
likelihood of being in statex, taking actionu, receiving
reward r, and transitioning to state x'.
Agent: From an artificial intelligence perspective, an agent is
any entity that can perceive its environment through sensors and
take actions based on stimuli
Reward: The reward function establishes the objective in a
reinforcement learning scenario. Essentially, it assigns a scalar
value to each observed state of the environment, indicating how
desirable it is to be in that state.
Policy: The policy outlines the actions taken by the agent at any
given moment. Essentially, it serves as a mapping between the
states of the environment and possible actions that can be taken
in those states. Typically, the policy is represented as a
stochastic function, denoted by Eq 3, which indicates the
probability of selecting action u when in state x.

m(x,u) = Pr (ulx) Eq3
If the policy is deterministic and not random:
ux):x > u Eq 4

u is a function of x, which represents the action that taken in

each situation.

Therefore, if the policy is clear-cut, then the relationship

represented by Eq 4 will become Eq 5, which is a scalar value.
m(x,u) = u(x) Eq5

Markov decision process (MDP):

In the MDP framework, the action taken at any given time

impacts both the reward obtained in the following moment and

the subsequent state that results. MDP is generally represented

by a set of four elements denoted as (X, U, P, R), where:

The set X includes all possible states in the environment, U

consists of the available actions, P accounts for the system's

dynamics, and R denotes the rewards or penalties related to

these actions. Stochastic optimal control is also an area of study
for MDPs, and within this field, adaptive optimal control
methods have a close connection to reinforcement learning
[31].

Value functions: In contrast to a reward function, which
focuses on what is advantageous in the current moment, a value
function considers what is ultimately beneficial over a
prolonged time. The value of a state essentially represents the
total anticipated rewards that an agent can acquire beginning
from that state in the future.

Policy evaluation: The process involves evaluating the value
of states following a specific policy framework.

Policy improvement: Involves creating a more efficient policy
that is based on core principles. The process entails moving
from a basic policy, identified as, to a more refined policy
denoted by 7’.

Agent-Environment Interaction: a specific time point t; the

agent selects action A as the control signal for that instant.
When action A is applied to the environment, it shifts to a new

state. Following this, a reward R is generated and then provided

state reward action

Rx+l
_S.. | Environment \4—

Figure 1: The agent-environment interaction in a Markov decision
process [31]

to the agent.

%}

4 Reinforcement Learning in The Control
Theory

The following section will initially provide the rationale for
integrating reinforcement learning into control theory, and
subsequently establish a conceptual connection between the
two, laying the groundwork for further discussion in subsequent
sections. Highlighting the complex Riccati equations in optimal
control serves as a compelling justification for applying
reinforcement learning algorithms in control theory. Typically,
these equations are solved offline and in reverse chronological
order, rendering them less suitable for real-time online
applications, and they necessitate a precise understanding of the
system's underlying dynamics. In practice, our understanding of
these dynamics is often constrained, requiring the development
of an optimal policy through engagement with the environment.
One of the key advantages of reinforcement learning is its
capacity to efficiently handle systems with poorly specified
underlying mechanisms. The primary objective in
reinforcement learning involves the agent selecting actions that
either raise or lower the overall reward totals acquired. The
characteristic of the reward applies to both states and actions,
and is commonly referred to as a penalty function when
attempting to minimize total rewards due to its negative impact.
In control theory, the primary goal is to reduce tracking
discrepancies, which are viewed as either an incentive or a
disincentive, with the aim of minimizing this difference. An
accurate definition of the reward can be instrumental in
attaining the desired control objectives. The reward function
was specifically designed to align with the objectives we are
currently working to accomplish. The equation in question is a
well-known illustration of a reward function, specifically as
presented in Eq 6.

r=fl,uw) =r(xe,ue) = xFQxy + uf Ruy Eq 6
This corresponds to the incentive linked to the state x;, resulting
from the action u; being taken. In the context of applying
reinforcement learning to control theory, the primary goal is to
reduce the total cumulative rewards r(x, u;), as opposed to
solely concentrating on decreasing the cost at each stage. The
primary objective is to lower the strategic cost. The stage cost
is determined by the current state, the action taken in that state,
and the resulting next state, while the strategic cost is calculated
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by summing the discounted rewards over time, as described in
Eq7.
Jie = S AR = e = e+ A+ ATy Eq7

4.1 State Value

When the reward is randomly variable, as specified in Eq 8, the
r parameter will have varying values, making it impossible to
derive an exact value for J parameter. Instead of reducing a
particular outcome of incentives, we should aim to reduce the
anticipated value of those incentives. In light of this specific
context, it is appropriate to establish the value of a state within
a particular policy framework:

VE(x) = EnlJir|xe = x} = B30 27 ¥l = %} Eq8

4.2 Optimal Policy and Optimal Value

The Eq 9 is applicable to a wide range of random environments
and reward systems. Taking into account the deterministic
policy and its associated costs, and understanding that the
expected value remains unchanged, we can remove the
expected value from the equation. As a result, the relationship
defining the value of a state will be described as follows:

Vi(x) = KA Ak Eq9
Based on the statement that in a deterministic setting, the policy
u functions as a controller (Eq 10), it follows that:

u = pu(x) Eq 10
We will encounter an infinite form for p, and the optimal policy
is the one that yields the lowest possible value. In essence:
n*(x,u) = argmin V' (x) = argmin E { ¥**T A~*r, |x, = x} Eq 11
n n

The optimal values for the state under the optimal policy are

denoted as the optimal values, as shown in Eq 12.

Vi (x) = min VP (x) = min Eg{ YT 27%r, |x, =x} Eq 12
n n

4.3 Bellman Equations

The Bellman Equation will be employed to solve for the
optimal control of systems described by Eq 11 and 12, based on
its recursive form of the state value as outlined in Eq 13.

V() = Ex{re + AT, A4 Dy |, = x} Eq 13
We calculate the mathematical expectation from Eq 28, taking
into account that both the subsequent state x" and action u are
stochastic variables, necessitating computation of the
mathematical expectation with respect to x' and u. The
probability of choosing action u in state x is represented as
7(x,u). Additionally, when in state x and performing action u,
the likelihood of moving to state X’ is represented by Py,s. This
transition yields a reward of sz,. Utilizing the principle of
linearity allows us to calculate the expected value
mathematically:

VA (x) = Xy n(x,w) Ty Preo [RY, + AV, (x7)] Eq 14
The concluding equation (Eq 14) is a recursive formulation
recognized as the Bellman Equation. This equation is associated

with the policy w and is employed to ascertain the value of states
in accordance with the 7 policy.
By replacing V* with V" in Eq 15 and applying the
minimization condition, we will obtain the subsequent result:
Vi (x) = min Yun(x,u) Xy PE[RE, + AV (x)]  EqlS
The policy should be chosen to ensure that V* denotes the
minimum value that can be attained. In other words:

n*(x,u) = argmin ¥, n(x, u) Xy PLo[RY + Vi (x)]

n

Eq 16
In Eq 16, Py, functions as the system's transfer function,
delineating the dynamics of the environment. Within control
systems, we operate under the premise that the environment,
rewards, and actions are deterministic, which permits the
removal of the sigma (J)) that signifies mathematical
expectations. Additionally, given the relationship x' = X1 =
Axy, + Buy; if we are in state x;, and perform action uy, we will
deterministically arrive at the subsequent state x". An alternative
formulation of V;; (x) can be expressed as shown in Eq 17.
V() = r(xe u) + AV (Xge41) Eq 17
In Eq 17, r(xg, ui) signifies the reward acquired from
performing action uy, in state x;, whereas V*(xy4,) indicates
the optimal value associated with the next state.

4.4 Bellman Equations for Both Policy
Evaluating and Improvement

An application of Bellman equations can be found in the
processes of policy evaluation and policy improvement.
According to the Bellman relation, when action u is dictated by
the policy n, the relationship between the value of state x and
the resulting state is articulated in Eq 18.

Vi(x) = ¥y n(x, u) Xy PYo[RY + AV (x")] Eq18
By solving the Bellman Equation, it is possible to ascertain
V™ (x), which signifies the value associated with each state.
This procedure is referred to as policy evaluation. In scenarios
where the number of states is finite, the value of each state can
be obtained by formulating a system of equations. Conversely,
in control problems characterized by an infinite number of
states, this approach is not applicable, necessitating the use of a
continuous representation for V™ (x). For policy improvement,
we establish the relationship outlined in Eq 33 through the
Bellman equations.

n'(x,u) = argmin Y, Py [RY, + AV (x")] Eq 19

n

In reinforcement learning, the process consists of two distinct
phases: policy evaluation and policy improvement. We begin
with an initial policy denoted as 1y and conduct an evaluation
to determine the value V. Utilizing this value, we formulate a
new policy, ;. Subsequently, we evaluate policy m; to obtain
V;. With the value V; in hand, we proceed to create another
policy, m,. Through multiple iterations of this cycle, we
ultimately converge on the optimal policy n* and the
corresponding optimal value V™.
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Policy evaluation

7N

w |4

N

Policy improvement
[ e—
Figure 2: Cycle of policy evaluation and policy improvement to
achieve the optimal policy and value [2]

4.5 Reinforcement Learning Algorithms

Reinforcement learning includes a range of algorithms, among
which those that make use of existing model dynamics are
classified as dynamic programming methods. Dynamic
programming encompasses three distinct types of algorithms:
policy iteration, value iteration, and generalized policy
iteration. In contrast, there exists a separate category known as
model-free methods, which operate independently of model
access. The algorithms of temporal difference and Q-learning,
which are the focus of this paper, belong to this model-free
category. This paper specifically employs the Q-learning
method for the design of a Linear Quadratic Regulator for a
system governed by partial differential equations.

5 Designing of LQR Using the Q-learning

Q-learning illustrates that a system model is not required in
either the policy evaluation or policy improvement stages,
facilitating the creation of an adaptive optimal controller. To
accomplish this, we introduce a function referred to as the
quality function, as specified in Eq 20.

Qn (e wg) =71, wge) + AV (Xpe41) Eq 20
This function quantifies the value associated with a specific
state-action pair. In this context, r signifies the reward received
from executing action uy, while V}, (x;+1) represents the value
of the resulting state. It is crucial to note that the quality
function is influenced by both the state and the action taken,
unlike the value function, which is determined exclusively by
the state. Essentially, the quality function reflects the value
derived from action u;, when situated in state x;. Eq 21 serves
as a general formulation for policy 4, and under optimal
conditions, it can be expressed using Eq 21.

Q" Oy wge) = 7(oxge, ) + AV™ (g 41) Eq21
V* is represented by Eq 22, which is exclusively a function of
x:

V*(x,) = muin Q* (g, ug) Eq 22

In a particular state x, the optimization of Q™ concerning u
results in IV*. From the preceding discussions, it can be inferred
that h*, representing the optimal policy, is equivalent to:
h*(x;) = argmin Q* (xy, u) Eq 23
u

It is essential to understand, as indicated in Eq 23, that the
optimal policy can be determined solely from Q* and the
optimization problem, without the necessity of a system model.
By differentiating Q* with respect to the control variable u and
identifying the roots of the resulting derivative, the optimal
policy can be derived.

Subsequently, we will introduce Bellman's optimality equation
for the quality function to establish a return relationship. While
we initially defined Q in relation to » and V/ it is also possible
to articulate a return relationship for Q as presented in Eq 24.

Q" (i, wie) = (X, ) + AQ7 (X 41, K" (Xie41)) Eq 24

In Eq 24, r(xg, ui) denotes the reward acquired at time £,
whereas Q" (xy+1, " (xg+1)) signifies the value associated with
the state-action pair at the subsequent time step.
In the context of the Linear Quadratic Regulator (LQR)
problem, it is established that the quality function is represented
as a quadratic function of both the state and the action, as
indicated in Eq 25.

QG we) = 2 Qxpc + UpRuy + x4 Pxpyq Eq25
Substituting the system dynamics represented by the equation
(Xx+1 = AX), + BUy) into Eq 25 will result in Eq 26.

Qi (o ug) = xFQxy + ulRuy + (Axy + Buy)TP(Ax; + Buy)
Eq 26
By streamlining the algebra presented in Eq 26, it can be
reformulated into the subsequent matrix representation:

[ T Q +ATPA BTPA Xk
Qi Oy up) = [uk] [ ATPB R+ BTPB] [uk]

By substituting the variables as specified in Equations 28 and
29, and subsequently reformulating Eq 27, we ultimately derive
Eq 30. This equation illustrates that the state-action value is
represented as a quadratic function of both the state and the
action.

Eq 27

X _
uk] =z Eq 28
T T
Q+ATPA  BTPA | _ Hq 29
ATPB R+B'PB

Qi iy we) = ZiHZy, Eq 30
The symmetrical and second-order characteristics of @ enable
its derivation without the necessity of knowing the matrices A
and B; rather, this can be achieved exclusively through
engagement with the environment. After Q has been established
and optimized concerning uy, the optimal policy can be
realized.
A fundamental component of Q-learning is the implicit
representation of system dynamics within matrix H, which is
derived from interactions with the environment. In the process
of policy evaluation, where matrix H is established through
these interactions, we incorporate the second-order formulation
of Q* (as presented in Eq 31) into Bellman's Equation, which is
defined for the state-action value (Eq 25). This leads to the
reformulation expressed in Eq 31.
ZTHZ, = xTQx; + ufRuy + ZL,HZ, ., Eq3l
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By utilizing the definition of Kronecker multiplication, we
arrive at Eq 32.
ZrHZ, = H"Z, Eq 32
The expression Z; represents the Kronecker product of the
vector Z, while H is also classified as a vector. Thus, Eq 32 can
be expressed Eq 33.
G — Zye)HT = xLQxp + ulRuy Eq 33
Ultimately, we arrive at the equation that can be formulated
from the data H. Upon acquiring H, enhancements to the policy
can be implemented. For the purpose of policy improvement,
Eq 30 is reformulated as Eq 34, wherein the matrix H is
expressed in a block structure.
[Hn H12] [ ] Eq 34

Qu (i) = ZLHZ), = [ Hy, Hy,

To enhance policy improvement, it is crucial to reduce Q; with
respect to u in Eq 34. By streamlining Eq 33 and derivation with
respect to u, we obtain Eq 35, which integrates the principle of
state feedback.
HyiXp + Hppxye = 0 =y, = —(Hp) ' Hpyye = e = —Kx,
Eq 35
The information presented indicates that an understanding of
the system dynamics is not required during both the evaluation
and improvement phases. Evaluation is conducted through
engagement with the environment, and subsequent to the
calculation of H as per Eq 35, the value of K is updated.

5.1 Presentation of the System

This section focuses on defining the problem in order to analyze
the dynamics of the system being examined in the case study.
we describe the key dynamics of the system that are crucial for
our calculations and simulations. A notable illustration of a
natural occurrence controlled by partial differential equations
(PDEs) is the one-dimensional heat diffusion equation. This
article presumes the dynamic equations governing the system
at hand are already known, and it goes on to explore simulations
and controller design methodologies.

Our objective is to regulate the temperature at a user-specified
point by adjusting the heat supplied to the rod from an external
source, such as a burner or heater, to keep it at a predetermined
reference temperature. The differential equations describing
this problem are formulated with partial derivatives and are

expressed as in Eq 36.

—"’”;‘;"‘) o ”(“‘) +bQ(x,t) Eq 36

u(t, x): Represents the temperature at a specific point, x, at a
particular time, t.

Q(x,t): Indicates the temperature entering the rod from an
external source at time t and point x.

a and b: The parameters in question are influenced by the
physical characteristics of the rod, including specific heat,
density, and thermal capacity.

As highlighted in section 3.1 on the discretization of partial
differential equations, resolving these equations analytically is
typically impractical, which results in a scarcity of exact
solutions. To resolve this issue, we utilize numerical

techniques, including the finite element method, for their
implementation. We employ an approximation for the first
derivative of temperature with respect to its spatial location, as
specified in Eq 37.

ou u(t,xip1)—u(tx;
o ( Hla)x (tx) Eq37
The first-order approximation yields the second derivative of
temperature with respect to its spatial location, as described in
Eq 38.
%u _ ultixips)—2ultx)+utxi—1)
ax? 8§2x

i

Eq 38

Substituting an approximation for the spatial variation of
temperature's second derivative into heat distribution dynamic
(Eq 36) allows us to express the governing partial differential
equations for the rod's temperature in a discrete form.

6u;tt,xl) _ u(t,xH1)—2u6(2t:cl)+u(t,xl_1) + bQ(t, xi) Eq 39
We can derive an ordinary differential equation for each
element using Eq 39. This process ultimately leads to an n-th

order differential equation, which serves as an approximation

of the system modelled by the partial differential equations that
govern temperature distribution. The temperature u(t,x) is
assumed to be constant over each interval, representing
conditions at point x and time t. To avoid confusion, we will
segment the rod into 10 identical segments.

%3 Xz Xz X4 Xs Xe X7 Xg Xy X10 L11

Figure 3: Dividing the rod into ten equal sections

To establish the problem's boundary conditions, the following
statements will be defined:

» The temperatures at both ends of the rod are specified by
equations (40) and (41).

u(t, xf) =T Eq 40

u(t,x,) =T, Eq 41
Here, T represents the temperature at the beginning of the rod,
and T, denotes the temperature at the end of the rod.

» At time zero, the temperature is set to ambient temperature
at all points between the initial and final locations (Eq 42)

u(O,xi) = Tamb Eq 42

5.2 State Space Representation

The states can be characterized as follows:

= [u(t, x2), u(t, x3), cev cer wee . u(t, X10)1 Eq 43
An infinite-dimensional ordinary differential equation can be
transformed into a system of ninth-order differential equations
via the discretization process.

fOT'i -2 X1 _ au(t,x3)—2u;,;c2)+u(t,x1) +b Q(t, xz)

) —2ulbx)+ultxn) o p

8%x

fori=3-X,=a

u(t.xll)—Zu;§j1°)+“(t'x") + b Q(t, x10)

fori=10-Xy=a
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The state space representation is formulated based on the
relationships previously described and the substitution of state
variables into the discrete and approximate form of the second
derivative, as shown below:

X = AX 4+ BQ + Tgis Eq 44
As a consequence, we will derive the matrices 4, B, and Ty,
expressed as equations Eq 45 through 47.

—2 1 0 0 0 0 0 0 01
1 -2 1 0 0 0 0 0 0
0 1 -2 1 0 0 0 0 0
0 0 1 -2 1 0 0 0 0
A=10 0 0 1 -2 1 0 0 0 | Eq45
0 0 0 0 1 -2 1 0 0
0 0 0 0 0 1 -2 1 0
0 0 0 0 0 0 1 -2 1
L0 0 0 0 0 0 0 1 -2
0
0
b
0
B=]0 Eq 46
0
0
0
L0
1 0
0 0
0 0
0 0
Tdist =0 O Eq 47
0 0
0 0
0 0
L0 14

6 Simulation

In this section, results of applying Q-learning algorithm on
simulated systems are presented. The main objective of this
section is to show the capability of using Q-learning in
designing the LQR for one-dimensional heat diffusion equation
in a rod as a system governed by PDE.

The theoretical concepts presented in Section 5 have been
implemented within the software environment to elucidate the
relationships discussed. By executing the program, one can
observe and interpret the resulting data. This algorithm is
designed to define a discrete system in accordance with the state
space equations specified in Section 5.2. Following this, the
relationships articulated in Section 5 were integrated into the
software framework. Upon running the program, the optimal
policy can be achieved by the fourth iteration. In this algorithm,
the initial policy is characterized as a state feedback gain vector,
with coefficients K1 through Ko assigned specific values:

Table 1: Coefficients K1 to K9 of initial policy

Ki Value Ki Value Ki Value
K 1.2853 Ky -0.0117 K5 0.3611
K, 0.2717 Ks 0.4471 Ks -0.6917
Ks -0.3343 Ks -0.1506 Ky -0.1962

The matrix K, representing the optimal policy established

through four iterations, was derived in the following:

1.2853 0.2717 —0.3343  —0.0117 0.4471 —0.1506 0.3611 —0.6917 —0.1962
0.005729  0.000529 —0.02596 0.001513 0.003971 —0.00149 0.00507 —0.002429 0.0015824
0.000711 0.0014108 —0.02294 0.001813 0.001508 0.001196 0.000907  0.000595  0.000302
0.000703 0.0014123 —0.02293 0.001812 0.001503 0.001201 0.000900 0.0006 0.00030
l(],(]0(]7(]3 0.0014123 —0.02293 0.001812 0.001503 0.001201 0.000900 0.0006 0.00030 J

The results obtained from this program are compared with those
derived from the classical method, as illustrated in Table 3. This
comparison indicates that the Q-learning algorithm is both
effective and satisfactory for designing the controller problem
under consideration.

Table 2: Comparison of the optimal policy obtained from the classical
method and the Q-learning

Method K1 K2 K3 K4 K5 K6 K7 K8 K9
Classic ~ 0.0006 0.001 -0.022 0.0017 0.0014 0.0011 0.0008 0.0005 0.0002

Q—leaming 0.0006 0.0013 -0.022 0.0017 0.0014 0.0011 0.0008 0.0005 0.0002

The graphical representation of the interest coefficients'
convergence is presented in Figures 4 through 12, whereas
Figure 13 depicts the reward diagram associated with this

algorithm.
Title: K1
14
12 | X1 ]
Y 1.2853
1k 4
08 4
-
X
06 | 4
04 4
02 |
X 5
Y 0.00070339
0 I
1 15 2 25 3 35 4 45 5

Itr

Figure 4: Convergence diagram of K1 showing both the initial and
optimal values.

Title: K2
03

025 | X1 1
Y 0.2717

02 L 4

K2

01 | 4

Figure 5: Convergence diagram of K2 showing both the initial and
optimal values.
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Title: K3 Title: K6
0 T T T T T T T 0.02 T T T T T T T
X5 0+
005 Y -0.022934 X5
002 | Y 0.0012015
01 L 4
-004 L 4
015 q 006 | 1
«© ©
£ ¥
02 | | 008 |- 1
01 | 4
0.25 | 4
0.12 L 4
03 | x1 4 X1
Y -0.3343 014 1y .0.4506 y
0.35 L L L 1 I I L 0.16 L L L L L L L
1 15 2 25 3 35 4 45 5 1 1.5 2 25 3 3.5 4 45 5
Itr Itr
Figure 6: Convergence diagram of K3 showing both the initial and Figure 9: Convergence diagram of K6 showing both the initial and
optimal values. optimal values.
.3 Title: K4 Title: K7
% 10
2 T T T 04
X 5
Y
ol 0.0018126 LECR |
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10 q 005 | o
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Figure 7: Convergence diagram of K4 showing both the initial and Figure 10: Convergence diagram of K7 showing both the initial and
optimal values. optimal values.
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Figure 8: Convergence diagram of K5 showing both the initial and Figure 11: Convergence diagram of K8 showing both the initial and
optimal values. optimal values.
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Title: K9

X 5
Y 0.00030009
0

K9

X1
Y -0.1962

-0.2 1 L L L L L L
1 1.5 2 25 3 3.5 4 45 5

Figure 12: Convergence diagram of K9 showing both the initial and
optimal values.

Reward for glearning method

reward

0 10 20 30 40 50 60 70 80 90 100
Time step

Figure 13: Reward for the Q-learning algorithm.

Following the acquisition of the gain coefficient vectors for the
controller utilizing the reinforcement learning approach,
simulations were conducted on the closed-loop system
incorporating these coefficients. Subsequently, Figure 14
illustrates the timing diagram depicting the system's response to
a step input when employing the feedback controller derived
from this optimal state method.

Step Response Using Controller in Q-Learning Method
50

5 7( e Temp. desired

Temp. Target
40 1

35 4

30 4

25 4

20 4

Temp (C)

0 1 2 3 4 5 6 7 8 9 10

Time (Second)

Figure 14: Response to a step input for the system utilizing the
optimal state feedback controller derived from the Q-learning method.

This figure demonstrates the effectiveness of the reinforcement

learning technique in the controller design process.

7 Conclusion

The comparison of the results indicates that, the Q-learning
method is effective for design purposes and can be utilized in
controller design for partial differential equation (PDE)
systems. In a system described with PDE, it will be transferred
to the ODE by discretization. Since the result of discretization
is so closed to Markov decision process (MDP), it is possible to
define the problem to the RL. A one-dimensional heat equation
has been chosen as a case study to effectively illustrate and
communicate the principles of controller design utilizing the
reinforcement learning approach, and the controller design has
been implemented for this system.
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